We study the spectrum of the Toeplitz matrix with a sine kernel, which corresponds to the singleparticle reduced density matrix for free fermions on the one-dimensional lattice. For the spectral determinant of this matrix, a Fisher-Hartwig expansion in the inverse matrix size has been recently conjectured. This expansion can be verified order by order, away from the line of accumulation of zeros, using the recurrence relation known from the theory of discrete Painlevé equations. We perform such a verification to the tenth order and calculate the corresponding coefficients in the Fisher-Hartwig expansion. Under the assumption of the validity of the Fisher-Hartwig expansion in the whole range of the spectral parameter, we further derive expansions for an equation on the eigenvalues of this matrix and for the von Neumann entanglement entropy in the corresponding fermion problem. These analytical results are supported by a numerical example.
I. INTRODUCTION
Toeplitz matrices, i.e., matrices with entries a i−j depending only on the difference of the column and row indices, play an important role in a wide range of physical and mathematical problems, including problems in statistical mechanics 1-3 , random-matrix theory 4, 5 , quantum integrable systems [6] [7] [8] [9] [10] [11] [12] [13] , and nonequilibrium bosonization [14] [15] [16] . One is often interested in the asymptotic behavior of the spectrum of such matrices in the limit of a large matrix size L, for a given symbol of the matrix
While the leading exponential dependence of the spectral determinant of Toeplitz matrices on their size L is usually easy to guess on physical grounds (the rigorous result is known as the first Szegő theorem) 17 , finding subleading corrections is a nontrivial problem, which continues to be a topic of active research in mathematics and mathematical physics [18] [19] [20] [21] [22] [23] [24] [25] [26] . A recent important step in developing the theory of Toeplitz determinants was the proof of the Fisher-Hartwig conjecture for the case of symbols (1) with power-law singularities 27 . In mathematical and physical literature, stronger conjectures about higher-order corrections to the FisherHartwig formula have been proposed 15, [28] [29] [30] [31] [32] [33] [34] . In particular, many studies focused on the specific example of the matrix of the sine-kernel form:
which corresponds to the symbol
This Toeplitz matrix (with k F being the only parameter, apart from the matrix size L) appears in many problems involving one-dimensional free fermions and closely related systems. The parameter k F corresponds to the Fermi wave vector of the fermions. In Ref. 34 , the higherorder corrections to the spectral determinant of this matrix,
were conjectured to form an asymptotic series
where
and G() is the Barnes G function 35, 36 . We will call the explicitly periodic in κ expansion (5)-(6) the FisherHartwig expansion.
As pointed out in Ref. 29 , a calculation of the expansion coefficientsF n (κ, k F ) is possible using a recurrence relation from the theory of discrete Painlevé equations 37 . In Ref. 29 such a computation has been performed to the second order. In the present work, we extend this calculation to the tenth order and find the coefficients up tõ F 10 (κ, k F ). Formally, this procedure allows us to verify, order by order, the periodic form of the expansion (5)- (6) away from the half-line Im e 2πiκ = 0, Re e 2πiκ < 0. At this half-line, the zeros of χ(κ) accumulate (as L → ∞), which prevents a verification of the expansion at this line, even to a finite order. However, the available numerical evidence from earlier works 29, 34, 38 and from this work (see Section VII below) suggests that the expansion (5)-(6) also extends to this half-line. If we assume this conjectured extension, we can convert the coefficientsF n (κ, k F ) into a series expansion for the eigenvalues of the Toeplitz matrix a i−j (or, equivalently, for the zeros of the spectral determinant χ(κ)). Furthermore, under the same assumption, we can derive the power series for the von Neumann entanglement entropy for free fermions on a segment of the one-dimensional lattice (thus extending the results of Ref. 38 to the lattice case).
The paper is organized as follows. In the next Section, we summarize the main results, with references to subsequent sections containing detailed formulas and derivations. In Section III, we overview the relation of the spectral problem for the Toeplitz matrix to one-dimensional free fermions. In Section IV, we review the recurrence relation used for calculating the coefficientsF n (κ, k F ) and present results of such a calculation to the tenth order. In Section V, we use the coefficientsF n (κ, k F ) to find the asymptotic expansion of the eigenvalues of the Toeplitz matrix. In Section VI, we calculate the expansion for the von Neumann entanglement entropy. In Section VII, we support the results of the two preceding Sections with a numerical example. Finally, the last Section VIII contains several concluding remarks. To avoid lengthy equations, in the main part of the paper we only present the first six orders, and the results for orders seven to ten are given in the Appendix.
II. MAIN RESULTS
The main results of this paper assume the conjectured expansion (5)- (6) . Under this assumption,
• We compute the coefficientsF n (κ, k F ) up to the tenth (n = 10) order. They turn out to be polynomials in κ and cot k F . The explicit expressions for F n (κ, k F ) are given in Eqs. (17) and (18) of Section IV and in Eq. (32) of the Appendix. The consistency of this calculation supports the conjecture (5)-(6).
• We write an equation on the spectrum of the matrix (2) in the form of a "quasiclassical expansion" in 1/L [Eqs. (21) and (22)]. The coefficients of this expansion are again polynomials in κ and cot k F . The expansion is computed to the tenth order in 1/L and the coefficients are reported in Eqs. (23) and (24) of Section V and in Eq. (33) of the Appendix.
• We derive the power series for the von Neumann entanglement entropy for free fermions on a segment of length L of an infinite one-dimensional lattice. This expansion is also derived to the tenth order in 1/L, with the coefficients listed in Eq. (30) of Section VI and in Eq. (34) of the Appendix.
• Finally, we check our results for the spectrum and for the entanglement entropy numerically and find a perfect agreement between our analytic predictions and numerical data (see Figs. 2 and 3 ). This numerical evidence strongly supports the conjecture (5)- (6) and our analytical results.
III. MOTIVATION: FREE FERMIONS IN ONE DIMENSION
Our study of the spectral determinant (4) of the matrix (2) is motivated largely by the problems of full counting statistics (FCS) 39 and entanglement 40, 41 for free fermions on the one-dimensional lattice. In the ground state, the single-particle correlation function is given by the matrix elements (2):
where Ψ † i and Ψ j are the fermionic creation and annihilation operators on lattice sites i and j, respectively. As shown in Refs. 42-45, the eigenvalues p m of this matrix restricted to some segment of the lattice give the set of single-particle occupation numbers, which describe the FCS of fermions on this segment. In particular, the FCS generating function coincides with χ(κ, k F , L) defined in eq. (4) and can be written as
In other words, the statistics of the number of particles on the line segment coincides with that of L levels filled independently with the probabilities p m . These probabilities may thus be related to the zeros of the spectral determinant (4). The zeros lie on the negative real axis of exp[2πiκ] and therefore may be parametrized as
with real parameters ξ m . The probabilities p m are, in turn, related to ξ m as
The results of the present paper [in particular, equations (21) and (22)] describe the spectrum of the probabilities p m not very close to 0 or 1. Such probabilities are relevant for typical fluctuations of the number of particles around its average. At the same time, our results do not provide any information about the probabilities p m very close to 0 or 1 (i.e., corresponding to large |ξ m |): those probabilities would be relevant for atypical fluctuations, e.g., for the emptiness formation probability 28, 46, 47 . The same spectrum of the probabilities is known to determine the entanglement (von Neumann) entropy of the segment with the rest of the lattice [48] [49] [50] [51] :
(12) The probabilities p m exponentially close to 0 or to 1 give an exponentially small contribution to the entropy and may be neglected. This justifies our derivation of the asymptotic expansion (28) in Section VI (see also Ref. 38 for more details).
IV. COEFFICIENTS OF THE FISHER-HARTWIG EXPANSION
Recurrence relations for the spectral determinant (4) were derived from its connection to the theory of discrete Painlevé equations in Ref. 37 . Then, in Ref. 29 , the procedure of extracting the coefficients of the FisherHartwig expansion was outlined and the first two coefficients computed. We follow the prescription of Ref. 29 to compute further coefficients of the Fisher-Hartwig expansion, order by order.
The recurrence relations read:
where x L obey the relations
If we assume the Fisher-Hartwig expansion (5)- (6), then, from the relation (13), one finds an expansion for
where we have defined
and Y n (r L ) are Laurent polynomials in r L with coefficients depending on κ and k F . Each term Y n (r L ) can be expressed via the coefficients of the Fisher-Hartwig expansionF n with n = 1, . . . , n − 1. By substituting the expansion (15) into the relation (14), we can calculate the coefficientsF n (κ, k F ) order by order. Remarkably, the number of conditions exceeds the number of the coefficientsF n (κ, k F ) to be calculated, and the fact that the coefficientsF n (κ, k F ) satisfy all the conditions simultaneously supports the conjecture of the Fisher-Hartwig expansion. We do not have a proof of this property to all orders, but only observed it in calculating the coefficients F n (κ, k F ) to the tenth order. Note that this procedure is a discrete version of a similar calculation using Painlevé V equation in the continuous (k F → 0) limit 52, 53 . The computations are straightforward, but require tedious manipulations with polynomials and series. We have performed these computations using Mathematica software 54 . As a result, we find that the coefficientsF n (κ, k F ) are polynomials in κ and cot k F :
where all P nn (κ) are polynomials with real rational coefficients. We have calculated these polynomials to the tenth order. To avoid lengthy equations in the main body of the paper, we present below the first six orders, and report the seventh to tenth orders in Eq. (32) of the Appendix: We also observe several remarkable properties of these coefficients, of which we do not have proofs and formulate them as conjectures (to all orders):
• The polynomial structure ofF n (κ, k F ) persists to all orders, with the largest degree in κ being n + 2 and the largest degree in cot k F being n.
• The coefficientsF n (κ, k F ) have the parity of n with respect to κ and to cot k F (separately).
• All the numerical coefficients of these polynomials are real rational numbers. Most probably, they are all positive.
• The terms κ 2 appear only in the coefficients P 2n,0 (κ). All the other coefficients P nn have the lowest terms κ 3 or κ 4 .
V. EIGENVALUES OF THE TOEPLITZ MATRIX
If we conjecture that the Fisher-Hartwig expansion (5)-(6) holds for any κ (including those with half-integer real part, where zeros of χ(κ, k F , L) accumulate), then we can use it to find the zeros of χ(κ, k F , L).
If we keep only the two leading branches of the FisherHartwig expansion (j = 0 and j = −1) and only terms up toC(κ) in the exponent (6), then we arrive at the quasiclassical equation for the zeros
where we have defined 
[the quantity Φ(ξ, k F , L) was introduced earlier in Ref. 38 , where the first term in the sum (22) was computed in the continuous limit]. We do not have a proof of this series, but we have checked it explicitly to the tenth order. The coefficients X n (ξ, k F ) are found to have a polynomial form of the same type asF n (κ, k F ):
For n up to six, the coefficients are: and the seventh to tenth orders are presented in Eq. (33) of the Appendix. From observing the polynomial structure of the coefficients, we conjecture that the equation (21)- (22) holds asymptotically at L → ∞. Namely, we conjecture that at any fixed k F , at any order N , and for any Ξ, the remainder can be estimated as
uniformly for all ξ m within the window
This expansion extends the lowest-order approximation to the spectrum obtained earlier in Refs. 38, 55, and 56. It is also in agreement with findings of Ref. 57 . For practical purposes, cutting off the series at a finite N provides a good approximation, if k F L c N max(1, |ξ|) (with some coefficients c N which depend on the rate of growth of the numerical coefficients in eqs. (24) with the order and which we do not study here).
Finally remark that the sum of all the probabilities (11) must give the total average number of particles, i.e.,
This condition allows us identify the integer index m in Eq. (21) with the sequential number of the root ξ m in the increasing order starting with m = 0.
VI. VON NEUMANN ENTANGLEMENT FOR ONE-DIMENSIONAL FREE FERMIONS
Similarly to the roots of χ(κ, k F , L), we can calculate the expansion for the von Neumann entanglement entropy (12) . The whole discussion of Ref. 38 applies to the lattice case, with the only difference in the coefficients F n (κ, k F ). In particular, if the conjecture about the polynomial structure of the coefficientsF n (κ, k F ) (with respect to κ) is valid, then the statement of Ref. 38 about the power-law expansion of the entropy (without oscillating terms) extends directly to the lattice case. A straightforward calculation along the lines of Ref. 38 produces the expansion
is a numerical constant [ψ() is the digamma function: the logarithmic derivative of Γ()] ands 2n (k F ) are polynomi-als. A calculation to the tenth order gives: An alternative way of calculating the expansion (28) is by using the expansion (22)- (24) for Φ(ξ, k F , L). Indeed, it follows from the discussion of Ref. 38 that the von Neumann entropy can be calculated as
which immediately gives the coefficientss 2n once the coefficients X 2n are known.
VII. NUMERICAL ILLUSTRATION
Since the results presented in this paper are not proven in a rigorous way, but rely on the conjecture of the Fisher-Hartwig expansion and of the structure of the expansion coefficients, we find it helpful to check them against numerical data. For such a test, we take the wave vector k F = π/3 (which corresponds to the filling fraction 1/3). We perform an exact diagonalization of large matrices (2) with the use of LAPACK library 60 compiled to work with 128-bit-precision floating-point numbers, together with the quadmath C library.
An example of the spectrum found in this way is plotted in Fig. 1 in both p m and ξ m parametrizations. Note that we enumerate p n in decreasing and ξ m in increasing order, starting with m = 0. The normalization condition (27) guarantees that p m crosses over from 1 to 0 at n ≈ k F L/π.
Next, we test the expansion for the eigenvalue equation (21)- (22) . We denote by δϕ N the left-hand side of Eq. (25). In Fig. 2 , we plot |δϕ N | as a function of n (the number of eigenvalue) for the same example of k F = π/3 and L = 500, using the coefficients X n (ξ, k F ) listed in Eqs. (23) and (24) . From the exponential decay of δϕ N with increasing N , we see that the coefficients are correct.
Finally, we also test the expansion of the von Neumann entanglement entropy (28) . Denote by δS N the difference between the exact value of the entropy S(k F , L) and the right-hand side of Eq. (28) with the sum truncated at N terms. The absolute value of δS N is plotted in Fig. 3 for the case of k F = π/3 and several different values of L. From the exponential decay of δS N with increasing N , we see that the coefficients are correct.
Our numerical test confirms the analytical expressions for the matrix eigenvalues and the entanglement entropy. Note that the higher-order coefficients (starting with the fourth order) contain contributions from several Fisher-Hartwig branches. We are therefore confident that the original conjecture about the validity of the Fisher-Hartwig expansion for all values of κ holds.
VIII. CONCLUSION
In this paper, we employ the conjectured FisherHartwig expansion for the sine-kernel Toeplitz matrix for calculating the expansion coefficients. Furthermore, we translate those results into finite-size corrections for the von Neumann entanglement entropy and for the quasiclassical-type equation on the spectrum.
We hope that these results will serve as a useful reference for future studies of Toeplitz determinants. Besides, they provide a strong support to the conjectured FisherHartwig expansion in the periodic form (5)- (6) . While it is not proven, our calculation to the tenth order leaves no doubt in its validity in the case of the sine kernel (2).
Our study also outlines further challenges in the theory of Toeplitz determinants. In particular, we find the following open questions deserving future consideration:
• Proving the Fisher-Hartwig expansion (5)- (6) , at least in the case of the sine kernel (2) and possibly in a general case of a Toeplitz matrix with FisherHartwig singularities. Furthermore, one could attempt an even more general extension to determinants of the form det(1 + AB) where A and B are local operators in the coordinate and momentum space, respectively: the leading Fisher-Hartwig asymptotics for such determinants was studied in Ref. 16 in the context of nonequilibrium bosonization.
• Exploring the decomposition into Fisher-Hartwig branches (5): can one extend such a decomposition to finite values of L [with χ * (κ, k F , L) defined at any finite L, and not as a formal asymptotic series (6)]?
• In the case of the sine kernel (2), proving the polynomial structure of the coefficientsF n (κ, k F ) to all orders, as well as the properties of those polynomials conjectured in Section IV. Such a proof would be most probably related to the integrability of the corresponding Painlevé equations. 
APPENDIX: SEVENTH TO TENTH ORDERS
We present here the coefficients of the expansions (17), (23) , and (28) in orders seven to ten.
